Abstract. We consider reduced crossed products of twisted C*-dynamical systems over C*-simple groups. We prove there is a bijective correspondence between maximal ideals of the reduced crossed product and maximal invariant ideals of the underlying C*-algebra, and a bijective correspondence between tracial states on the reduced crossed product and invariant tracial states on the underlying C*-algebra. In particular, the reduced crossed product is simple if and only if the underlying C*-algebra has no proper non-trivial invariant ideals, and the reduced crossed product has a unique tracial state if and only if the underlying C*-algebra has a unique invariant tracial state. We also show that the reduced crossed product satisfies an averaging property analogous to Powers' averaging property.
Introduction
A discrete group G is said to be C*-simple if its reduced C*-algebra C * r (G) is simple, meaning that it has no non-trivial closed two-sided ideals. In representation-theoretic terms, this is equivalent to the statement that every unitary representation of G that is weakly contained in the left regular representation is weakly equivalent to the left regular representation. In this paper we consider (twisted) dynamical systems over C*-simple groups.
The first examples of C*-simple groups were discovered in 1975 by Powers [19] . He showed that non-abelian free groups are C*-simple.
of the reduced crossed product A⋊ σ α,r G and maximal G-invariant closed ideals of A.
In this paper we will show that these results hold for all twisted C*-dynamical systems over C*-simple groups. In particular, we will not require the dynamical system to be exact. Throughout, by a twisted C*-dynamical system we mean a quadruple (A, G, α, σ) consisting of a unital C*-algebra A, a discrete group G and a twisted action (α, σ) of G on A. The corresponding reduced crossed product is a C*-algebra that encodes the system (see Section 2 for details). In particular, every C*-dynamical system can be viewed as a twisted C*-dynamical system, and our results are new even in this case. Our results on twisted C*-dynamical systems have some interesting applications. For example, we provide another proof of the fact that the class of C*-simple groups is stable under extensions, originally proved in [6] . In the same paper, it was shown that for an arbitrary discrete group G, every tracial state on the reduced C*-algebra of G is supported on the amenable radical R a (G) of G. It follows that if R a (G) is trivial, and in particular if G is C*-simple, then the reduced C*-algebra has a unique tracial state. We obtain an analogous result for tracial states on reduced crossed products of twisted C*-dynamical systems. Theorem 1.3. Let (A, G, α, σ) be a twisted C*-dynamical system over a discrete group G with amenable radical R a (G). For every tracial state τ on the reduced crossed product
The previous result immediately implies the following corollary. The paper is arranged as follows. In Section 2, we establish preliminaries on twisted C*-dynamical systems as well as the needed knowledge on the Furstenberg boundary. Section 3 is dedicated to finding conditions for reduced twisted crossed products to have Powers' averaging property (a condition stronger than the well-known Dixmier property). In Section 4 we determine the maximal ideal structure of a reduced twisted crossed product when the underlying group is C*-simple. Lastly, in Section 5 we find a correspondence between Ginvariant tracial states on the C*-algebra A in a twisted C*-dynamical system (A, G, α, σ) and tracial states on the reduced twisted crossed product A ⋊ σ α,r G, whenever G has the unique trace property. We will employ standard notation. If G is a group, the neutral element of G will be denoted by 1. If A is a unital C*-algebra, then U(A) will denote the unitary group of A and Aut(A) is the group of all * -automorphisms of A. For any Hilbert space H, B(H) will denote the C*-algebra of bounded linear operators on H.
Preliminaries
2.1. Twisted C*-dynamical systems. Throughout this paper, we will consider twisted C*-dynamical systems (A, G, α, σ). This means that A is a unital C*-algebra with unit 1, G is a discrete group and α : G → Aut(A) and σ : G × G → U(A) are maps satisfying the identities
for all r, s, t ∈ G. Here α r = α(r) ∈ Aut(A) for all r ∈ G, and Ad(v) ∈ Aut(A) is the inner automorphism of A given by Ad(v)(a) = vav * for all a ∈ A, where v ∈ U(A). The tuple (α, σ) is referred to as a twisted action of G on A, and σ is called the normalized 2-cocycle (or just the cocycle) of the twisted action. Whenever A = C, then α is the trivial map and we say that σ : G × G → T is a multiplier. If σ is trivial, i.e., σ(r, s) = 1 for all r, s ∈ G, then α is a group homomorphism and (A, G, α) is a C*-dynamical system in the usual sense.
Assuming that A is faithfully represented on some Hilbert space H, we may realize the reduced twisted crossed product A ⋊ σ α,r G (cf. [18] , [21] , [25] ) as the C*-subalgebra of B(H ⊗ℓ 2 (G)) generated by the set of operators {π α (a), λ σ (g) | a ∈ A, g ∈ G} where π α : A → B(H ⊗ ℓ 2 (G)) is the faithful representation of A given by
and λ σ (g) ∈ U(H ⊗ ℓ 2 (G)) is a unitary operator for g ∈ G given by
Moreover, it is well-known that A ⋊ σ α,r G does not depend on the choice of faithful representation A ⊂ B(H) [21, p. 552 ]. Henceforth, we will identify π α (A) with A.
Straightforward computation shows that the maps π α and λ σ define a covariant representation [25, p. 135] of the twisted C*-dynamical system (A, G, α, σ), i.e., the identities
hold for all a ∈ A and s, t ∈ G. It follows that the conjugation map
For any twisted C*-dynamical system (A, G, α, σ) there exists a faithful conditional expectation E of A⋊ σ α,r G onto A such that E(λ σ (s)) = 0 for all g ∈ G\{1} (cf. [1, Theorem 2.2], [25, Théorème 4.12] ). Moreover, E is G-equivariant, i.e., 
Boundary actions.
Let G be a discrete group. We say that a compact Hausdorff space X is a G-space if G acts by homeomorphisms on X. In this case, we will write gx for the image of x under g for any x ∈ X and g ∈ G.
The space of probability measures on a compact Hausdorff space X will always be denoted by P(X). Note that P(X) can be identified with the state space of the C*-algebra C(X) of continuous complexvalued functions on X. If X is a G-space, there is a canonical G-action on C(X) given by
Note that if we define L :
so that X is a G-space. In this way, the space P(X) becomes a G-space.
The action of G on a G-space X is said to be minimal if every Gorbit in X is dense in X, and strongly proximal if it holds for any µ ∈ P(X) that the weak * -closure of the G-orbit Gµ contains a point mass δ x for some x ∈ X. A G-space for which the G-action is minimal and strongly proximal is called a G-boundary. There always exists a unique G-boundary ∂ F G called the Furstenberg boundary [13, Section 4] which is universal in the sense that for any G-boundary X, there exists a surjective G-equivariant continuous map ∂ F G → X.
Let X be a G-boundary. If (A, G, α, σ) is a twisted C*-dynamical system, we will frequently consider the twisted C*-dynamical system (A ⊗ C(X), G, β, τ ) obtained by defining β :
given by a → a⊗1 allows us to identify A⋊ σ α,r G as a unital G-invariant C*-subalgebra of (A ⊗ C(X)) ⋊ τ β,r G, so that the unitaries λ σ (g) and λ τ (g) are identified in (A ⊗ C(X)) ⋊ τ β,r G for all g ∈ G. We will refer to (A ⊗ C(X), G, β, τ ) as a natural extension of (A, G, α, σ).
The following lemma will be useful in the subsequent sections.
Lemma 2.2. Let (A, G, α, σ) be a twisted C*-dynamical system and let X be a G-boundary. The natural extension (A ⊗ C(X), G, β, τ ) has the following property: For any states φ 1 , . . . , φ n on the reduced crossed product A ⋊ σ α,r G and any point x ∈ X, there exist states ψ 1 , . . . , ψ n on the reduced crossed product (A ⊗ C(X)) ⋊ τ β,r G and a net (g j ) in G such that
the limit being taken in the weak * topology.
Proof. Extend the states φ 1 , . . . , φ n on A ⋊ σ α,r G to statesφ 1 , . . . ,φ n respectively on (A⊗C(X))⋊ τ β,r G. For each i, let µ i denote the probability measure obtained by restrictingφ i to C(X), and let µ = 1 n n i=1 µ i . The twisted action (β, τ ) restricted to C(X) is the simply the Gaction on C(X), so strong proximality yields a net (g j ) in G such that g j µ → δ x in the weak * topology. By compactness, we may assume that (g j µ i ) converges for all i, in which case we have g j µ i → δ x for each i as δ x is an extreme point of P(X).
Compactness allows us to further assume that for each i, the net
Powers' averaging property
The following definition can be seen as a generalization of [16, Definition 5.2]. 
Here
A key result of Bédos and Conti [2, Theorem 3.8] is that reduced crossed products of twisted C*-dynamical systems over (P com ) and P H groups satisfy an averaging property that is similar to Definition 3.1. In this section we will show that twisted C*-dynamical systems over C*-simple groups always satisfy Powers' averaging property.
Recall that the G-action on a G-space X is said to be free if gx = x for all g ∈ G \ {1} and x ∈ X. One of the main results of [17] is the following theorem. With the initial requirement that we consider only C*-simple groups, we will first prove some preliminary results on linear functionals of reduced twisted crossed products. 
Since G is C*-simple, Theorem 3.2 implies that the G-action on ∂ F G is free, so for any g ∈ G \ {e} there is f ∈ C(∂ F G) such that f (x) = 1 and f (g −1 x) = 0. It follows that for each i and every a ∈ A,
It follows by continuity that If (A, G, α, σ) is a twisted C*-dynamical system where G is C*-simple, and E denotes the canonical conditional expectation of
for all x ∈ A ⋊ σ α,r G satisfying E(x) = 0, the closure being in the norm. In particular, (A, G, α, σ) has Powers' averaging property. Proof. Fix x ∈ A ⋊ σ α,r G satisfying E(x) = 0 and suppose for the sake of contradiction that the claim does not hold for this x. Let
By the Hahn-Banach theorem, there exists a bounded linear functional φ on A ⋊ σ α,r G such that inf y∈K Re(φ(y)) > 0. But in particular, this implies that inf g∈G |φ • Ad(λ σ (g))(x)| > 0, which contradicts Lemma 3.3.
Ideal structure of reduced crossed products
In this section we consider the ideal structure of reduced crossed products of twisted C*-dynamical systems. In general, it is not possible to relate the ideal structure of a reduced crossed product to the ideal structure of its underlying C*-algebra, even when the group is C*-simple. Indeed, de la Harpe and Skandalis [10] constructed examples of C*-dynamical systems over Powers groups (which are C*-simple) with the property that the reduced crossed product has many nontrivial ideals, but the underlying C*-algebra has only a single nontrivial invariant ideal.
However, Bédos and Conti [2] , showed that for exact twisted C*-dynamical systems over (P com ) and P H groups, there is a bijective correspondence between maximal ideals of the reduced crossed product and maximal ideals of the underlying C*-algebra.
In this section we will show that this bijective correspondence between maximal ideals holds for all twisted C*-dynamical systems over C*-simple groups. In particular, we will not require the system to be exact.
Let (A, G, α, σ) be a twisted C*-dynamical system, and let I be a Ginvariant ideal of A. Let I ⋊ Here E A and E A/I denote the canonical conditional expectations and E I = E A | I⋊ σ α,r G . We may note that the ideal I ⋊ σ α,r G coincides with the reduced twisted crossed product of the twisted C*-dynamical system (I, G, α, σ) where σ is a cocycle in the multiplier algebra of I.
In the following, we will use the notation . If equality does hold for every G-invariant ideal I in A, then the C*-dynamical system (A, G, α, σ) is said to be exact. If G is exact, then a result of Exel [11] implies that every twisted C*-dynamical system over G is exact.
The next lemma generalizes [6, Lemma 3.20] . 
Note that ψ| A⋊ τ α,r G (I) = 0 and C(∂ F G) is contained in the multiplicative domain of ψ. Hence for b ∈ I, a 1 , a 2 ∈ A, f 1 , f 2 ∈ C(∂ F G) and s 1 , s 2 ∈ G we have
It follows that ψ(J) = 0. Hence J is proper.
The next lemma generalizes [6, Lemma 3.21] . The proof is a simple modification of the proof given there. 2) Moreover, let X be a G-boundary. We observe for the natural extension
Lemma 4.2. Let (A, G, α, σ) be a twisted C*-dynamical system where G is C*-simple and let
where the horizontal arrows are injective. It follows that
In the following, for any twisted C * -dynamical system (A, G, α, σ), a maximal G-invariant ideal I in A will mean a proper G-invariant ideal which is maximal among proper G-invariant ideals in A. Note that this does not entail that I is a maximal ideal (for instance, for non-trivial G one may consider A = C(X) where X is a minimal G-space with more than one point). Proof. Let Y be a maximal G-invariant ideal in A. We must show that the ideal Y⋊ 
Since J is proper, Lemma 4.1 implies that K is proper, so the maximality of Y implies that For a twisted C * -dynamical system (A, G, α, σ) we say that A is Gsimple if the only G-invariant ideals in A are {0} and A. As a corollary we obtain the following generalization of [6, Theorem 3.19] . By appealing to the previously mentioned structure theorem for twisted reduced crossed products, it is possible to say something about twisted C*-dynamical systems whenever the underlying group has a C*-simple quotient. We also obtain another proof of [6, Theorem 3.14] . For instance, for n ≥ 3 the braid group B n with n generators has center Z n ∼ = Z, and Bédos proved in [1, p. 536 ] that B n /Z n is C*-simple. Further, we have short exact sequences
where F n−1 is the free non-abelian group of n − 1 generators, P n is the pure braid group on n generators and S n is the symmetric group on n generators [14, Proposition 6] . We recall that free groups and finite groups are exact, and that extensions of exact groups are exact [7, Proposition 5.1.11]. As P 2 = Z 2 we may thus conclude by induction that P n /Z n is exact, so that B n /Z n is exact. Therefore the ideals of C * r (B n ) are in one-to-one correspondence with the open (or closed) subsets of T.
Tracial states on reduced twisted crossed products
In this section we will relate tracial states on reduced crossed products of twisted C*-dynamical systems to tracial states on the underlying C*-algebra.
The following lemma is well-known, and we omit the proof.
Lemma 5.1. Let (A, G, α, σ) be a twisted C*-dynamical system and let
We recall that any discrete group G has a largest amenable normal subgroup R a (G), called the amenable radical of G. Any amenable normal subgroup of G is then contained in R a (G). In [6, Theorem 4.1] it is proved that the canonical trace τ on the reduced group C*-algebra C * r (G) satisfies τ (λ(g)) = 0 for all g / ∈ R a (G). As it turns out, the argument therein easily extends to reduced twisted crossed products of G. Proof. We must show that for any tracial state φ on A ⋊ σ α,r G and any a ∈ A, we have φ(λ σ (g)) = 0 for all a ∈ A and g / ∈ R a (G). We consider the natural extension (A ⊗ C(∂ F G), G, β, τ ). By Lemma 2.2 and the G-invariance of φ, there is a state ψ on (A ⊗ C(∂ F G)) ⋊ τ β,r G, a net (g i ) in G and x ∈ ∂ F G such that ψ| A⋊ σ α,r G = lim j φ • Ad(λ σ (g j )) = φ and ψ| C(∂ F G) = δ x .
For g / ∈ R a (G), there exists y ∈ ∂ F G such that g −1 y = y [12, Proposition 7] . By minimality of the G-action on ∂ F G there exists a net (h i ) in G such that h i x → y. By compactness, we may assume that (ψ • Adλ σ ′ (h i )) converges to a state η on (A ⊗ C(∂ F G)) ⋊ τ β,r G which, by the G-invariance of φ, then satisfies η| A⋊ σ α,r G = φ and η| C(∂ F G) = δ y . As C(∂ F G) is contained in the multiplicative domain of η, taking a function f ∈ C(∂ F G) such that f (g −1 y) = 0 and f (y) = 1 now yields φ(aλ σ (g)) = 0 for any a ∈ A, just as in the proof of Lemma 3.3.
The next result was previously shown in [2, Corollary 3.9] for the case when G is a (P com ) or P H group. 
